We propose a scheme to achieve the quantum state transfer via the topological protected edge channel based on a one dimensional frequency-modulated optomechanical array. We find that the optomechanical array can be mapped into a Su-Schrieffer-Heeger model after eliminating the counter rotating wave terms via frequency modulations. By dint of the edge channel of the Su-Schrieffer-Heeger model, we show that the quantum state transfer between the photonic left edge state and the photonic right edge state can be achieved with a high fidelity. Specially, our scheme can also achieve another phononic quantum state transfer based on the same channel via controlling the next-nearest-neighboring interactions between the cavity fields, which is different from the previous investigations only achieving one kind of quantum state transfer. Our scheme provides a novel path to switch two different kinds of quantum state transfers in a controllable way.
I. INTRODUCTION
Topological insulator [1] [2] [3] [4] is characterized by the conducting edge states and the insulating bulk states. These conducting edge states are immune to the local disorders and perturbations since they are protected by the nonlocal topological invariant [5] [6] [7] [8] . The topological insulator has many potential applications in quantum information processing and quantum computing. For example, we can achieve the robust quantum state transfer via the edge channel of the topological insulator [9] [10] [11] , in which the process of state transfer is robust to the local disorders and perturbations since the edge channel is protected by the energy gap. Also, we can implement the topological quantum computing [12, 13] via the non-Abelian anyons [14] and Majorana zero modes [15] , etc. The Su-Schrieffer-Heeger (SSH) model, as the simplest one dimensional (1D) tight-binding topological insulator model, has attracted a great attention due to the appearance of the abundant physics, such as the topological phase transition [16] [17] [18] , the edge state and topological invariant [19] [20] [21] , PT -symmetry effect [22] [23] [24] [25] , the photonic mapping of SSH model [26] [27] [28] , non-hermitian bulk-boundary correspondence [29] [30] [31] , etc. Specially, the quantum state transfer between the left edge and the right edge states by the topological zero mode of a photonic topological SSH model has also been investigated [32] .
In the previous works mentioned above, only one kind of quantum state transfer can be achieved via the topo- * Electronic address: stliu@hit.edu.cn † Electronic address: szhang@ybu.edu.cn ‡ Electronic address: hfwang@ybu.edu.cn logical channel. In this paper, we propose a scheme to achieve two different kinds of quantum state transfers only by one topological channel based on a frequencymodulated optomechanical array. Note that the optomechanical system with frequency modulation has been intensively investigated in experiment [33] . We show that the two different kinds of quantum state transfers can be achieved via controlling the next-nearest-neighboring (NNN) hopping. Specially, the two different kinds of quantum state transfers can be switched to each other in a controllable way, which is expected to greatly improve the efficiency of quantum information processing.
II. SYSTEM AND HAMILTONIAN
We consider a 1D optomechanical array containing N +1 cavity fields and N resonators, in which each cavity field is driven by a laser with frequency ω d and strength Ω n , as shown in Fig. 1 . In this array, the frequency of each cavity field and resonator can be modulated with the modulated frequency ω a,n = ω a,n + λ n ν cos(νt + φ) and ω b,n = ω b,n + γ n ν cos(νt + φ). The single-phonon optomechanical coupling strength between resonator b n and cavity field a n (a n+1 ) is g n . Moreover, the two adjacent cavity fields possess direct coupling with the coupling strength T . Then, the system can be described by the following Hamiltonian
n=1 ω a,n a † n a n + N n=1
where a † n and a n (b † n and b n ) are the creation and annihilation operators of the optical cavity field (mechanical resonator). The first two terms are the modulated free energy of the cavity fields and resonators, where λ n (γ n ), ν, and φ are the modulated strength, frequency, and phase respectively. The third term describes the external driving of the cavity fields. The fourth term is the coupling between the cavity field and mechanical resonator via the radiation pressure. And the last term describes the direct tunneling between two adjacent cavity fields.
Under the condition of strong laser driving, we use the driving frequency ω d to perform the rotating transformation and implement the standard linearization process via rewriting the operators as a n = a n + δa n = α n + δa n (b n = b n + δb n = β n + δb n ). After dropping the notation "δ" for all the fluctuation operators δa n (δb n ), the Hamiltonian can be rewritten as
where ∆ a,n is effective detuning originating from op-
, and ∆ a,n = ω a,n − ω d is the detunings between cavity fields and driving fields. Then we perform another rotating transformation de-
After that, the Hamiltonian becomes
where G n = g n α n (G n+1 = g n α n+1 ) is the effective optomechanical coupling. We choose the parameters of the system to satisfy ∆ a,n = ∆ a,n+1 = ω b,n , λ n+1 = λ n = γ n , and φ = 0. Then, the Hamiltonian in Eq. (3) becomes
+T a † n+1 a n + H.c..
After exploiting the Jacobi−Anger expansions e iκ sin νt = ∞ m=−∞ J m (κ)e imνt , the above Hamiltonian can be rewritten as
+T a † n+1 a n + H.c., (5) where J mj is the m j th order of Bessel function with j = 1, 2 and κ = 2λ n is the Bessel parameter. When ν ω b,n , we find that the system has the minimum detuning if m 1 = m 2 = 0, leading that
Apparently, we can safely remove the resonant counter rotating wave terms by choosing the appropriate value of κ to satisfy J 0 (κ) = 0, which can effectively avoid the limit of the weak coupling condition. Then the system can be described by the following Hamiltonian, with
When T = 0, the above Hamiltonian is equivalent to a standard SSH-type tight-binding Hamiltonian possessing only the nearest-neighboring couplings, in which the cavity field a n and the resonator b n are equivalent to two sites in a unit cell. In this way, the above optomechanical array can be regard as a SSH chain with the lattice size of L = 2N + 1. Specially, when T = 0, the term of T a † n+1 a n represents the partial NNN hopping added into the tight-binding SSH model. The word of "partial" means that only the odd sites (cavity fields) have the couplings. Obviously, the above Hamiltonian is a periodically modulated SSH model if varying the effective optomechanical coupling strength −G n (intra-cell couplings) and G n+1 (inter-cell couplings) in an alternative way for T = 0, such as −G n = G 0 (1 − cos θ) and G n+1 = G 0 (1 + cos θ) [34] . We stress that G 0 needs to satisfy G 0 0.5ω b,n in the usual optomechanical system and we set G 0 = 1 as the energy unit in the following. The energy spectrum and the distribution of the zero energy mode of the periodically modulated SSH model are shown in Fig. 2 . We find that the energy spectrum has a zero energy mode in the gap localized near the left edge when θ ∈ (0, π 2 ) ∪ ( 3π 2 , 2π), while for other regions of θ, it is localized near the right edge. It means that we can achieve the state transfer between the left edge state and the right edge state by the zero energy mode via varying the periodic parameter θ from 0 to π over time. For example, we can choose the periodic parameter θ satisfying θ(t) = Ωt with the varying rate Ω and the time t. Thus the Hamiltonian can be rewritten as +H.c..
If the initial state is prepared in the perfect photonic left edge state |Ψ initial = |L = |1 a1 ⊗|0 b1 ⊗|0 a2 ...⊗|0 b N ⊗ |0 a N +1 = |1, 0, 0, ..., 0, 0 , the right edge state can be obtained via the evolution of the present time-dependent Hamiltonian with i d dt |Ψ initial = H SSH (t)|Ψ initial [32] . A question arises: can this kind of state transfer still be achieved when the NNN hopping T is added into the system? We simulate the fidelity between the final state and the perfect right edge state |R = |0, 0, 0, ..., 0, 1 versus the varying rate Ω and the partial NNN hoping strength T numerically, as shown in Fig. 3(a) . The numerical results show that the state transfer between |L and |R can be achieved with a high fidelity when Ω < 0.01 and T < 0.4. The condition of Ω < 0.01 originates from the adiabatic evolution condition, which means that the varying of θ should be as slow as possible. And the condition of T < 0.4 is due to the topological protection of the energy gap. It implies that the state transfer channel (zero energy mode) does not be destroyed as long as the NNN hopping strength T is not beyond the width of the gap. To further clarify it, we simulate the process of the state transfer numerically when the initial state is prepared in the state of |L when T = 0.2, as shown in figs. 3(b) . Obviously, when T < 0.4, the sate transfer between |L and |R can still be achieved while it is destroyed completely when the NNN hoping strength T is large enough.
To further explore the reasons of the above results, we plot the energy spectrum and the corresponding distribution of the gap state when the partial NNN hopping strength T is large enough, as shown in Fig. 4 . We find that the large enough T makes the original zero energy mode become a wavy energy level, as shown in Figs. 4(a) and 4(b). Although the wavy energy level is still located in the energy gap, its distribution becomes totally different, as shown in Fig. 4(c) . Obviously, the gap state is localized near the second site when θ ∈ (0, π 2 ) ∪ ( 3π 2 , 2π) while it is localized near the penultimate site in other regions of θ. It means that the initial state transfer channel between |L and |R becomes the state transfer channel between the phononic states of |L = |0, 1, 0, 0, ..., 0, 0 and |R = |0, 0, 0, 0, ..., 1, 0 . To further demonstrate the above conclusions, we prepare the initial state in |L and simulate the fidelity between the evolved final state and the state of |R numerically, as shown in Fig. 5(a) . The numerical results show that the state transfer can be achieved with a high fidelity corresponding to a large enough T and small enough Ω. For example, when T = 6 and Ω = 0.00001, the evolution of the initial phononic state |L over time is shown in Fig. 5(b) . It means that we can achieve the state transfer between |L and |R via the gap state when T is large enough. We stress that although |L → |R and |L → |R are different state transfer processes, both of them are achieved by the same topological channel (gap state). This means that we can realize the photonic and phononic state transfer processes only by one channel via designing the partial NNN hopping strength T appropriately. Further, the two different kinds of state transfer can be switched to each other via modulating the value of T , such as opening the channel of |L → |R when T < 0.4 and opening the channel of |L → |R when T is large enough. Actually, we can also achieve the state transfer of |L → |L ( |R → |R ) via varying T over time for a given θ, such as H SSH (t) = n [(1−cos π 4 )a † n b n +(1+cos π 4 )a † n+1 b n +Ωta † n+1 a n ]+H.c.. We also investigate the large enough partial NNN hopping added on the even sites (resonators), we find that the gap state still keeps the zero energy, as shown in Figs. 6(a) and 6(b). The reason is that the NNN hopping added on the even sites has no effect on the two end sites, which makes the gap state keep the zero energy. It means that the state transfer channel between |L and |R keeps open and the large T has no influence on the state transfer of |L → |R , as shown in Fig. 6(c) . The fidelity versus the varying rate of θ and NNN hopping strength T is shown in Fig. 6(d) . It can be seen clearly that there still exists a range of Ω to make the fidelity to be maximal corresponding to a large enough T . It means that we cannot achieve the different state transfers only by one gap state via designing T added on the even sites.
III. CONCLUSIONS
We have proposed a scheme to achieve the mapping of the SSH model with the partial NNN hopping based on a 1D frequency-modulated optomechanical array. We find that the quantum state transfer between the topological left edge state and the right edge state can be achieved via the topological channel located in the gap when the NNN hopping is vanishing. Meanwhile, the system can achieve another different quantum state transfer via the same topological channel when a large enough NNN hopping is added into the system. In this way, we can achieve two different kinds of quantum state transfer by one topological channel via controlling the NNN hopping strength. Our scheme provides a novel method to achieve different quantum state transfers in a controllable way.
